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FIS: Interpretability and Accuracy 4

Motivations I

——  System ——

Problem

e ['xplain, in natural language, the largest
part of a given input/output relationship.

e Build a knowledge base automatically:.

Key-Words

e Knowledge Extraction.
e Interpretable Rules.
e Generic Situations, Prototypes.

Tools

e Fuzzy Inference Systems.
e Fuzzy Regression Trees.
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Why Fuzzy Logic 7

Three main reasons. Fuzzy logic

e is near to the Human Reasoning,

e allows easy knowledge representation,

e avoids the “black box” effects.
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Fuzzy sets I

A ={sp>90km/h}

Sp

90

0 if sp < 90

1A(Sp ) | 1 otherwise

A = {sp = High}

Sp

90

p:Sp— Phign(sp) € [0, 1]
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Fuzzy Partitions

Variation domain of a variable divided by a
fuzzy partition:

e coarse categorization,

e reducing complexity:.

Small Medium Big

e membership degree € [0, 1]

e ocradual change from a category to another.
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Fuzzy rules I

Knowledge base
A set of rules such that:

if x is S; then conclusion
where
ox = (x1,...,xn)! is an input vector,
e S, is a vector of linguistic labels.

e In this paper, the conclusions have the form:

y = XXX, where XXX is a real number.

Constrained learning algorithms allow automat-
ic rule extraction from numerical data.
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Fuzzy vs Boolean I

Fuzzy Logic and continuous data

e avoiding the threshold effects,

e allowing passage from quantitative to qual-
1tative,

examples :

T < 4.3°C, yes or no ?¢
Temperature is cold
at what degree this temperature is cold

The real world i1s not Boolean !!
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Knowledge processing I

Fuzzy systems:
1. Rule Base:

e Natural langage,

e symbolical level,
e interpretability (if constrained learning)

2. Symbolical-Numerical Interface:

e continuous data from sensors,
e membership degrees to fuzzy sets.

3. Inference Engine:
e numerical level,

e the way to process input data using our
knowledge.
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Benefits of interpretability I

e Initialization of parameters from knowledge

— The initial behavior is reasonably good.

— Further improvements are possible by learn-
ng.

e Detection of aberrant solutions.

e Confidence Degree

— Zones with insufficient exploration.

— Particular cases.
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[nterpretability /Accuracy I

Interpretability

e Natural language = tuzzy rules

e Possible a postertor: validation by an ex-
pert

Accuracy

e Parametric Optimization

e Neuro-Fuzzy Models & RBF-like NN, but
NN are Black-Boxes

“Neuro-fuzzy” 7 A wrong way
to overcome this Dilemma !!
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Neuro-Fuzzy Optimization (1)

Approximation of z — 2.

,,,,,,,,

Optimized Rule Base:

if xis NB then y =1.34
if x is NM then y = 0.23
if x 18 ZR then y = —0.11
if x is PM then y = 0.25
if xi1s PB then y = 1.42
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Neuro-Fuzzy Optimization (2)

Intermixed membership functions

On this (not so caricatural...) example, the
observation “x = (07 is:

NB at 50%
NS at 89%
ZR at 100%
PS at 62%
PB at 50%

= the brouhaha overlaps information...
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Fuzzy rule Optimization (1)

A neural-like approach is not neces-
sary:

e interpretability is not guaranteed by gradient-
based methods,

e o fuzzy relation is not always differentiable.

A ftuzzy rule base has some specifici-
ties:

e a fuzzy rule represents a piece ot knowledge,

e interpretability is necessary before and after
optimization.
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Fuzzy rule Optimization (2)

m-~dimensional space

sub-space of acceptable solutions

from a semantic point of view

perhaps the global minimum,

but a piece of nonsense !
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Solving the dilemma

coding

interpretable parametric

symbolic optimization

system

decoding

@

black
box

Is it possible to increase accuracy while pre-
serving interpretability 7

= Constrained Optimization
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Outline I

Fuzzy Inference Systems

1. General Presentation.

2.

Constrained Optimization

e Takagi-Sugeno Models
e Constraints to introduce
e Divide and conquer

3. Parameter Optimization.

4. Structural Optimization.

Fuzzy Regression/Decision Trees

1. Motivations.

2. Building a FRT.
3. FRT Optimization.
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Fuzzy Inference I

Order-0 Takagi-Sugeno Model

linguistic expression
N rules of type :

if 71 is Aim and ... and xy, is A%n)
then y = ¢;

analytic expression

N a;(x) X ¢

y(x) = z’gl = a(X)

a;j(x) = truth value of rule ¢ given input x
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Comments I

From the linguistic form
= knowledge representation

From the analytic form
= a lot of optimization methods,

but remember the linguistic point of view !/
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Learning methods I

Supervised Learning

e Structural and parametric optimization.
e On-line or off-line algorithms.

e [nput/output reference pairs:

L={x,dx)}.

Reinforcement Learning

e Only optimization of the conclusion parts.
e On-line algorithms.

e Model-free optimization is possible.
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Constraints to introduce I

e Shared membership functions:

e Strong Fuzzy Partitions:

Vo € D,Spg(r) =1
1

e Physically possible conclusions:

Vi, ¢; € [mjnd(x), max d(x)]
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Property I

Proposition
For all rule, ©, we can find an input vector,
x', such that:

Moreover, if y 1s the infered output:

y(x') = ¢

Each rule can be examined separately

Definition

Such a vector, X', is called a Prototype for rule
2.
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Two sets of parameters (1)

Output of a Takagi-Sugeno FIS:

y(x) = Zi]\il &Z<X-) . g Oéz(X) X C;
Zt‘;\le o) (X) 1=1 Zt‘;\le o) (X) ‘

If the input membership tunctions are given,

then, the conclusions (¢;)iq are solution

of a set of linear equations
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Two sets of parameters (2)

= T'wo sets of parameters :

e parameters of input membership functions:
set M,

e rule conclusions, for a given set of member-
ship functions: set C'yy.

= For all modification of membership func-
tions, we need to recompute the conclusion-
S.
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Benefits I

1. Reduction of the search space.

2. Specific algorithms for each set of parame-
ters:

e ('j; — two initialization algorithms
(+ gradient descent)
e M/ — evolutionary strategy:

— differentiability is not necessary,
— easy introduction of constraints.

3. convergence theorems

4. The semantics can be guaranteed.
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Outline I

Fuzzy Inference Systems

1. General Presentation.

2. Constrained Optimization.

3.| Parameter Optimization

e General algorithm

e Conclusion part of fuzzy rules

e Optimal positioning of memb. functions
e Analysis of the learning stage

4. Structural Optimization.

Fuzzy Regression/Decision Trees

1. Motivations.
2. Building a FRT.

3. FRT Optimization.
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General learning algorithm I

initialization
choose the membership functions, M
compute conclusions, C'ys
termination condition = FALSE

while —(termination condition) do
modity the membership functions
compute the corresponding concl.
accept or reject the changes
compute the termination condition

done




FIS: Interpretability and Accuracy 29

Off-line initialization of conclusions (1)

ag + a1x1 + asro + azxrixs

[@p)

)

Q
[\
—

Q
)
[\
Q

[\
w

__________________________________________

___________________________________________

(x1,29) — y = FI1S(x1,x9) defines a surface

in R3.

e The grid points correspond to the prototype-
S.

e Let (x,d(x)) be a training pair, then d(x)
belongs to the surface.
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Off-line initialization of conclusions (2)

Let £ = {(xp,dp)pep,Xp € R",dp € R} be

a learning set.

Principle : the prototype for rule ¢ is ap-
proximated by the example closest to the cor-
responding grid point.

Algorithm

for each rule 7 do
search (x*,d*) in L such that :
04(") = meee z ()
C; = d*

done

Comment
Some sensibility to noise on learning data.
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Off-line initialization of conclusions (3)

Let Si(7) be the set of the k training vectors
with the greatest activation for rule ¢, (k < 3
usually):

The conclusion is approximated by:
xS, (i) a;(x) X d(x)

"y S, (i) ¢il(X)

[/

Properties

(Vi)(min d(x) < ¢; < maxd(x)

xeLl xeL

val(i) = max  o;(x) = a; =

XESk<i)
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On-line initialization of conclusions (1)

Let OZK be the set of observed training pairs
for rule ¢, from 0 to K:

OF = {(xt, d(x¢))/ei(xt) > 0,0 < t < K}

and:

O™ (K) = iy aix)
1

Algorithm
1. "™ (= ¢;) =0, for all i.
2. For each pair (x, d(x))
e compute F'IS5(x)
o if v;(x) > o' orif a;(x) > 0.9,
' X ¢+ ay(x) X d(x)

" 4 (%)

C; <

e update a;"**

3. 2o to step 2 or end.
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On-line initialization of conclusions (2)

Properties

1. For each conclusion:

¢, € | min d(x), max_ d(x
€ [ min dx), may. dG)

2. Validity of rule 4:
val(i, K) = a; (K

Embedding initial knowledge
c; = appropriate value
" (0) = from 0 to 1, according to
the initial knowledge
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Main characteristics I

For both on-line and off-line updating of con-
clusions of the rules:

1. the training data are used only once: it is
a direct method:;

2.the errors (difference between actual and
desired outputs) are not taken into ac-
count !!
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Optimization of memb. functions (1)

e The parameters of input membership func-
tions are coded by a string.

e With triangular fuzzy partitions, we have
only to code the modal values with the con-
straints

(Vi) (Vk)(c}, < chr1)

TR e B = B e L B e

To each string is associated a FIS that has to
learn its conclusion parts.



FIS: Interpretability and Accuracy 36

Optimization of memb. functions (2)

learning
TN
set ( fitness
IS evolutionary
\ method
strong fuzzy string
partition
Vg | V1 | U2
Vo U1 U2 ]
1 2 )

string N\ get of SFP -~ N FIS T\ fitness

Mo oeemmom o m R

1. Decoding the string.

2. off-line optimization of conclusions.

3. MSE.
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Optimization of memb. functions (3)

Solis and Wetts’s algorithm

L.
2.
3.

Choose M), Let B(O) =0 and k = 0.
Calculate E(M(k>)
Generate a Gaussian vector, g%),
with ¢%) = B 4 N(0, o).
if BE(M*) 1 (k) < B(M*k)
then Mkt = pp(k) 4 (k)
B+ — 0.49F) 1+ 0.2BF)
else if E(MW — g(k>) < E(M(k))
then Mkt = pr(k) — 4(k)
BED) — k) _ o 4q(k)
else Mkt = prk)
B+ — 0 5B(F)

. 1f k£ > Maxlter or error < threshold

then stop
else £k =k + 1; go to 3.

37
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Stochastic gradient descent (1)

Complementary optimization of conclusions

e after optimal positioning of membership func-
tiomns,

e and updating the corresponding conclusions
by the off-line initialization algorithm.

But gradient descent algorithms don’t guar-
antee the constraint:

Vi, ¢; € [mind(x), max d(x)]
= we have to introduce it

Remember the stupid rule:
if z is Zero then 22 = —0.11
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Stochastic gradient descent (2)

For each example (xy,dp), the conclusion of
each rule is modified according to:

OF
Aer — —¢ 2
C; € i
where E = %(y(xp) —dp)? and € is the learning
rate.

Applying this method to the optimization of
the rule conclusions, one obtains:

Ac; = —e (y(xp) — dy) 10

St ai(Xp)
with the constraints
if 'Y > maxd(x) then ¢ = maxd(x)
X X

if " <mind(x) then ;" =mind(x)
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Analysis of the learning stage I

For each input vector, the FIS computes:

e the corresponding infered output,

e and its confidence degree,

infered output

input vector

FIS confidence degree

eiving informations about both
e the quality of the learned rules,
e the quality of the learning set.
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Confidence degree (1)

val(i) (or val(i, K)) is a measure of the va-
lidity of ¢;. For an input vector, x, we can
extend this validity measure to the FIS output
by defining a confidence degree:

N a;(x) X o™

COnf(X) — igl Ej Oéj (X)

e [0, 1]

The input space can be partially or totally cov-
ered by the training pairs:

con f(x) is high = x € a known part
con f(x) is low = x € an unexplored part



FIS: Interpretability and Accuracy 42

Confidence degree (2)

conf low | high
CITOT
low 1 3
high 2 4

1. You are lucky !!

2. Normal situation due to a lack of informa-
tion in this part of the input space.

3. Normal situation after learning.

4. Perhaps the sign of a missing variable ? Noise
on input data 7

In case 2,

e impossible to increase the accuracy of the
model without new available informations,

e the model may be excellent in other parts of
the input space.



FIS: Interpretability and Accuracy 43

Confidence degree (3)

Plot of:

1
+ +
+ +
+ +
+ +
0.5 - + 4+t + S —
g + e +
+ +  ++ -+ +
+ o+t + 4
S T + +, o+ ++
- + R + 2
" o + T F + T
o PRI o iy it o S + ey + . 4 |
¥ e A T e ey TF T =+
+ # F +
Bt e T £ v x
e + + + o+ +
N + +o + +
et + - + +
+ + + o+ - +
0.5 + i _
+ o+ + + +
+ +
o+ F i
+ N +
1 - . -
+
+ + +
+
1.5 —
+
2 1 1
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

As we can see, the learning set contains ques-
tionable data:

e confidence degree more than 0.8

e and errors more than 0.5 (about 2%).
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Rule by rule Analysis

61
4+
60 — +
+
59
+ +
+ +
o+ + -+ .
58 + + -+ -+ -+
- +
+ +
-+ -+ -+
+ + + + 4 4
57 + R + -+
+ -+ + i +
x +
+ + ++ + L, + +
56 ++ L+ L L -+ -+
+ +
St
-+ - + o F +
55 -+ ++ﬁk 4+
-+
+ + +
+
+%i¢» ++
54 e T
4 —+
++{€+
A
==+
53 - + TS+ +
- +
52
0.2 0.4 0.6 0.8

According to the Theorem:
lim d(x)=c¢;
ol (x) =¢
where c; is the conclusion of rule 1 and
(x,d(x)) are training pairs.
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Outline I

Fuzzy Inference Systems

1. General Presentation.
2. Constrained Optimization.

3. Parameter Optimization.

4. Structural Optimization

e A simple heuristics

Fuzzy Regression/Decision Trees

1. Motivations.

2. Building a FRT.
3. FRT Optimization.



FIS: Interpretability and Accuracy 46

Structural optimization (1)

Tree-based heuristics

A node is a FIS characterized by

e the number of membership functions per in-
put, m;,

e o performance index, @ (e.g. MSE).
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Structural optimization (2)

Algorithm for a FIS with n inputs
1. Begin with the minimal structure (m; = 2)
and compute Q(mq,...,my).

2. Build n nodes by adding only one member-
ship function for each input and compute

Qimi+1,mg,...,mp),...
...,Q(ml,...,mn_l,mn+ 1).

3. Select the node with the best () value, ignore
the others and go to step 2 or end.

Complexity
n X depth +1
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Structure optimization (3)

/

2,22

0,154

Example using the gas furnace data
(Box and Jenkins)

BN

3,22

0,136

2,3,2

22,3

0,168

0,175

422

3,3,2

I

0,128

0,125

3,2,3

0,139
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Conclusion I

We have proposed different algorithms

e very simple and efficient,
e allowing both interpretability and accuracy,

e with easy programming on p-controllers.

Small 1s beautiful
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Small is beautiful !! (1

A tria 1
ngle is as go
od as a Ga i
function... ussial

e Very simple com '
putation of '
e, membership de-

e [lasy coding on p-controller.

e Reasonably smooth output surfaces
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Small is beautiful !! (2)

What is the optimization problem:
e rule conclusions 7
e positioning membership tunctions 7

e structure 7

= Three sub-problems
= Choose the right algorithms !/
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Small is beautiful !! (3)

Example of C code for on-line learning
without any initial knowledge.

Data Structures

trVal[j]l : truth value for rule j

Concl[j] : conclusion of rule j (init = 0)
trValMax[j] : maximum truth value (init = 0)

des : FIS desired output for a given input vector

Algorithm

for(j=0; j<NbRule; j++)
if (trVall[j]l > 0.0)
{ if((trvallj] > trValMax[j1) || (trVal[j]l > 0.9))
Concl[j] = (trValMax[jl*Concl[j] + trVal[j]x*des)
/(trValMax[j] + trVall[jl);
if (trVall[j] > trValMax[j])
trValMax[j] = trVallj];
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Outline I

Fuzzy Inference Systems

1. General Presentation.

2. Constrained Optimization.
3. Parameter Optimization.
4. Structural Optimization.

Fuzzy Regression/Decision Trees

1.1 Motivations

e Crisp and Fuzzy Trees
e I'IS and Fuzzy Trees

2. Building a FRT.
3. FRT Optimization.
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Decision Tree Advantages I

e Great similarity with Human reasoning.

e Immediate interpretability and readability:.

e Large dimensional input spaces:

—up to 100 input variables,

— but automatic selection of the more infor-
mative ones.

e Short computational time, for both building
and optimization.
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Crisp Decision Trees (1)

Three linked problems when dealing with con-
tinuous variables.

e Lack of genericity of Boolean tests: x < a,
where a is a given number.

e [nstability (due to the threshold effects).

e Sensitiveness to learning data.
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Crisp Decision Trees (2)

Small difference on inputs
= possible strong influence on the result !!

example

T < 20.6°C |

N

V <24m/s V <43 m/s

/\@ @/\.

v 20.5°C|20.7°C

22m/s| C Cs
24m/s| Co Cs

T
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Decision and Regression Trees

e Decision Tree

— Each leaf gives a class number,

—tool for classification problems.

e Regression Tree

— Continuous value at each leaf,
— generalization of decision trees,

— Tool for function approximation.

e Fuzzy Regression Trees (FRT): Extension of
advantages of both

— crisp decision trees,

— Fuzzy Inference Systems.
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FRT and FIS I

FIS

e Very easy to use and optimize,

e but combinational explosion with too many
Inputs.

= better for less than 5 or 6 inputs.

FRT

e hierarchization of inputs variables,
e information gain,

e incomplete rules.

= larger input states.
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FRT Advantages I

Combination of advantages.

FIS

e Interpretable fuzzy rules,

e re-use of most optimization algorithms.

Crisp Decision Trees

e Better management of continuous variables,

e re-use of the tree-building process.
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Chosen structure I

Extension of 1D3

e One variable is evaluated at each node.

e Number of childs = number of fuzzy labels.

= interpretation and readability very easy
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Inference I

We have chosen a Takagi-Sugeno reasoning scheme.
Let:

ox = (x1,...,xzn)": input vector.
e o7 (x): truth value of leaf L for a given x.

e ('7: value at leaf L.

Infered output:

FRT(x) = - SLLgi ()X()CL
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Outline I

Fuzzy Inference Systems

1. General Presentation.
2. Constrained Optimization.
3. Parameter Optimization.

4. Structural Optimization.

Fuzzy Regression/Decision Trees

1. Motivations.

2.| Building a FRT

e Information gain

e Induction from data

3. FRT Optimization.
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Notations (1)

ex;, = (x;1,...,x;)7) : input vector, each
component, x;;, having fuzzy modalities.

e [11.(x;) : membership degree of x; to (crisp
or fuzzy) k class.

® ii4(x;;) : membership degree of x;; fuzzy
set A (sometimes writen p 4(x;) for simplic-
ity).

e o y(x;) : membership degree of x; to node
N.
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Notations (2)

Learning set

E={(x1,u1),---,(xp,yp)}

where x; is an input vector and y; the corre-
sponding desired value.

Classification problem:
y; corresponds to the class number.

Regression problem :
A strong tuzzy partition with K modalities
is defined on the output space; we define:

AN

(%) = pp(yi), k=1t K
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Membership to a node I

Membership of input vector x to node
N

1 if IV 1s the root

an(x) = apr(x) A pg(x) else

root
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[nformation gain (1)

Representation of class k£ at node N
for modality A; of the considered variable.

. P
r(k, g, N) = X (%) A pa (i) A ay(xi)

Parameters pj, et w; used for information gain
computation:

_ xjrkgN) o xir(kgN)

Pl =55 (g V)~ 2P ay(x)
Wi = ZkT(k,j,N) — ZkT(k,j,N)
J 2k Zj T<k7j7N) P: <XZ)
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[nformation gain (2)

Gain of X at node N

G(X,N) = I(N) = Info(X, N)
= — %pk log(py.) — §ij(Xj)

where

r(/{,j, N) T(k,j, N)
[(Xj) =~ :
)= g V) g, g, V)
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Extracting a FRT from data I

1. At each node:

e choose the variable with the best informa-
tion gain,

e cxpend the node, according to the number
of fuzzy sets,

e compute the leaves.

2. Stopping criteria;
e the MSE on the test set does not decrease,

e the leaves are (almost) pure.
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Value at a leaf (1)

The same initialization method that for FIS !

Algorithm

pour for each leat L do
find (x*,y*) in E such that :

ap(x¥) = maxye p op(X)
cr, <y
done

69
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Value at a leaf (2)

Value at a leaf:

_ YjeJ aF(X;)y;
e Op(Xj)

J 1 set of training pairs (x;,;) with truth
value more than a given threshold.
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Outline I

Fuzzy Inference Systems

1. General Presentation.
2. Constrained Optimization.
3. Parameter Optimization.

4. Structural Optimization.

Fuzzy Regression/Decision Trees

1. Motivations.

2. Building a FRT.

3.| FRT Optimization
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Interpretability I

FRT and FIS: the same constraints for
interpretability

e Fuzzy sets shared by the rules.

e Prototypes: each rule can be examinated
separately:.

e Linguistic Order Relation all along the opti-
mization process.

= A sufficient condition: the strong fuzzy par-
titions.
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FRT Optimisation (1)

Structure
Number of membership functions by input
variable.

Parameters

e Placement of membership functions on each
input domain,

e values at the leaves (rule conclusions).

= These choices have a strong influence on the
tree performances.
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FRT Optimisation (2)

Proposed Method

Principle
Optimization of fuzzy partitions in order to
maximize the information gain for each
variable.

Advantages

e Variable by variable optimization.
e Reduced search spaces.
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[mplementation (1)

The user has to fix;

1. the variation domain of each input variable
(min and max),

2. the initial number of tuzzy labels
= variation domain divided into equal parts

3. a learning and a test set,

4.and it is (almost) all...
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[mplementation (2)

Structural optimization:

1. user driven induction, according to:

e the information gains,
e the purity degree at a leaf,
e the MSE for learning and test sets.

2. automatic moving of membership functions
using Solis and Wetts’s algorithm,

e with the initial number of m.f. (given by
the user): m

e with one supplementary m.f. per input:
m + 1.

3. the user makes the final choice of m.f. (m
or m + 1), according to the corresponding
variations of information gains.
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WOMBAT I

Wombat: a toolbox to build FRT.

1. Scilab environment:

e a free scientific software package,

e http://scilabsoft.inria.fr.

2. Graphical user interface

e Definition of fuzzy partitions
e I'RT induction.

3. Export

e C code of the induced tree
e [igures.
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General Conclusion I

Automatic rule extraction for FIS and FRT

1. Interpretability is guaranteed.

2. On-line and off-line supervised learning.
3. Appropriate algorithms.

4. Confidence degree.

= function approximation, prediction, diagno-
sis, classification...

= All the domains where human ex-
pertise and knowledge can be useful
and /or needed !!



